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Algorithm for Simulation of Motions
of Variable-Mass Systems

Shlomo Djerassi*
RAFAEL, Ministry of Defense, 31021 Haifa, Israel

Variable-mass systems expel and/or capture particles during motion. A new algorithm for simulation of motions
of such systems is introduced. Accordingly, the effect of the expulsion and/or capture of particles on the motion of
the system is presented as changes in the integration variables of the governing dynamical equations. In connection
with numerical solutions of the motion equations, the indicated changes are evaluated at each integration step.
In contrast, conventional methods dealing with variable-mass systems give rise to dm/dt * v-type terms in the
motion equations, terms that account for particle expulsion and/or capture. The new formulation is developed for
simple, nonholonomicsystems and, with reference to an example, is shown to lead to results satisfying momentum
principles. Furthermore, two kinds of systems are identified: continuous-particle-ejecting systems, such as rockets;
and discrete-particle-ejecting systems, such as automatic weapons (that fire rounds, one at a time). In connection
with these systems, conditions are specified, the satisfaction of which permits the use of the force-replacement
approach to variable-mass systems on the one hand, and of the new formulation on the other.

Introduction

ARITABLE-MASS systems form a category in the field of dy-

namics dealt with by numerous authors. Such systems expel
and/or capture particles while in motion. An accurate descriptionof
the chain of events leading to particle expulsion and/or capture re-
quiresadistinctionbetweenexpulsionpoints (capture points), which
are points from (at) which particles are expelled (captured), and rest
points, which are points occupied by the particles before (after) be-
ing expelled (captured). It frequently occurs that these points do not
coincide.

Authors dealing with variable-mass systems adopt one of three
approaches: control volume, particle, or force replacement. The
control-volume approach involves the definition of a control vol-
ume in connection with the system of interest, and the writing of
motion equations for the material within that volume, with the aid of
the linear-momentum and the angular-momentum principles. This
approach underlies the works of such researchers as Meirovitch,!
McPhee and Dubey,? and Eke and Wang.? It is advanced by classi-
cal textbooks* and is practically limited to the analysis of systems
consisting of a single body. The particle approach focuses on iner-
tial forces, —ma-type quantities, associated with the expelled and/or
captured particles, replacing these with —ma + mv. This approach
is taken, for example, by Ge and Cheng,’ who, defining generalized
thrust, extend Kane’s equations to deal with simple, nonholonomic
systems expelling particles; and by Ibrahim and Modi,® who use
Lagrange equations with Lagrange multipliers and formulate mo-
tion equations for systems including deformable bodies, possibly
undergoing constrained motions. Eventually, these authors arrive at
equations containing mv-type quantities.

The force-replacementapproachregardsthe mvy-typequantitiesas
contact forces (sometimes called thrust forces) exerted on expulsion
points and/or on capture points and treats these forces accordingly.
This approach is taken, for example, by Greensite’ investigating
space-vehicle flight and by Cveticanin®® The latter generates mo-
tion equations based on the Lagrange equation of the first kind, re-
ferring specifically to a quantity ¢, which he calls “reactiveforce due
to mass variation.” Thus, analyses based on the force-replacement
approach give rise to equations identical to those generated with
the aid of the particle approach. However, there is a subtle differ-
ence between the two approaches, related to the fact that forces
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associated with expulsion and/or capture of particles frequently are
known, e.g., through measurements. In connection with the force-
replacement approach, such forces are allowed to replace mv-type
quantities, and hence are treated similarly to other contact forces.
Moreover, these (measured) forces take into account the effect of
internal particle flow, an effect disregarded by users of the particle
approach.

A new algorithm for simulation of motions of variable-mass sys-
tems is presented in the following sections. The underlying idea is
that expulsion (capture) of particlesis regarded as a continuous (or,
in connection with numerical solutions, discretized) process of re-
moval (imposition) of those constraintsholding the particlesin ques-
tion to their rest points. Furthermore, these particles are excluded
from the system after (before) being ejected (arrested), so that the
number of equations governing the motion of the system remains
unaltered. The new formulation differs from previous approaches
in that it deals with simple, nonholonomic systems; it makes the
distinction between expulsion point (capture point) and rest point,
and it presents the effect of the expulsion and/or capture of particles
as changes in the integration variables, changes that, in connection
with numerical solutions of the motion equations, are evaluated at
each integration step.

The paper is organized as follows. The new algorithm is devel-
oped, and, with reference to an example, is shown to lead to results
satisfying momentum principles. Next, the new algorithm is dis-
cussed with reference to continuous-particleejecting systems such
as rockets and to discrete-particle-ejecting systems such as auto-
matic weapons that fire rounds one at a time. Finally, the force-
replacement approach is compared with the new formulation when
applied to the indicated systems. First, however, the theory of im-
position and removal of constraints,'® which underlies the new for-
mulation, is reviewed briefly.

Theory of Imposition and Removal
of Constraints: Main Results
Let S be a simple nonholonomic system of v particles P; (i =

I,...,v) of mass m; possessing n generalized coordinates
q1 --.,q; andn (wheren < n) generalizedspeedsu,, ..., u,inN.
Moreover, let S undergo three phases of motion as follows: Phase 1
occurs in the time interval of 0 < ¢ < f,. The motion of S in N is
defined as unconstrainedand is governed by n dynamical equations,
namely,

F,+F'=0 ., n) (1)
where F, and F are the rth generalized active force and the rth
generalized inertial force for S, respectively.
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Phase 2 occurs in the time interval t; < t < t,, where t, — t; is
infinitely small, e.g., compared with time constants associated with
the motion of S. During this phase, m constraints of the form

)4
Uy = chrur + Dy

r=1

k=p+1,....n) )

are imposed on S, where
p=n—m (3)

and Cy, and Dy are functionsof g, ..., gz and time ¢. The config-
uration of S in N remains unaltered, that is,

q:(2) = q,(t1) (r=1,...,n) )

and the number of independentgeneralizedspeedsis reducedfromn
to p. The relationshipbetweenu, (f,) (k = p+1, ..., n), the values
of the dependentgeneralizedspeedsatt,, andu, () (r =1, ..., p),
the values of the independent generalized speeds at #,, is given by

P
() =Y Cou )+ D (k=p+1,....m ()

r=1

Additionally, if the magnitudes of the active forces contributing to
Eqgs. (1) areallbounded,and if points of S exertcontactforceson one
another, and, possibly, on particles whose motion is not affected by
the forces exerted on them by particlesof S, then p relationsbetween
ug () (s =1,...,n)and u,(t;) (s = 1, ..., n) are given by

Z (mrs + Z Ckrmk,s) [us (tZ) - us(tl)] =0

s=1 k=p+1
r=1,...,p) (6)

Here, m,,, the element in row r, column s, of the mass matrix
associated with Egs. (1), is defined as

. - vl gyt
m"yz_zm"a_u,a_us (r,s=1,...,n) (7

i=1

where v% is the velocity of P; in N. Equations (5) and (6) furnish

m + p relationsbetweenu,(t,) andu,(t;) (s = 1, ..., n) thatenable
one to evaluate the former, given the latter, with C,., D; (k = p +
I,...,n;r=1,...,p)andm, (r,s = 1,...,n) calculated at #;.

Phase 3 occurs when t > f,. Then, the motion of S in N is defined
as constrained and is governed by p dynamical equations, namely,

F4F 4+ Y Cu(F+F)=0

k=p+1

r=1,...,p) B

It then is said that the constraints in Egs. (2) are imposed on the
motion of S, and the process is called imposition of constraints.
It may occur that Egs. (2) are satisfied at t = t,; that is,

p
up(ty) = Z Ciru, (1) + Dy

r=1

k=p+1,....n) 9
equations that, combined with Egs. (5), lead to

p
u(t) — () = chr[ur(tZ) —u,(t)] (k=p+1,...,n)

r=1

(10)

Equations (6) and (10) constitutea set of n homogeneousequations

in n unknowns ug(t,) — uy(t)) (s = 1, ..., n), having the unique
null solution, whereby

us(t,) = uy(t) s=1,....,n) (1n

Equations (11) imply that no impulsive forces arise; therefore, the
processis called soft imposition of constraints.If, on the other hand,

Egs. (2) are not satisfied at t =1, then Egs. (5) and (6) decree
changes in the values of the generalized speeds, giving rise to im-
pulsive forces; therefore, the process is called hard imposition of
constraints.

When the chain of events just described occurs in reverse order,
then Egs. (8) govern phase 1. Phase 2 is governed by Egs. (4), (6),
and (9), and phase 3 is governed by Egs. (1). It then is said that the
constraintsin Egs. (2) are removed from S, and the process s called
removal of constraints.

Itmay occurthatu, (t,) (k = 1, ..., n) are interrelatedas follows:

P
() =Y Cuu,t)+ D+ E (k=p+1....n) (12)

r=1
where E, (k = p+1,...,n)is afunctionofgq, ...
E, =0 k=p+1,...,n) (13)

then Eqgs. (12) reduce to Eqgs. (5), which, with Egs. (9) and (6), yield
Eqgs. (10) and (11). Equations (11) imply that no impulsive forces
arise; therefore, the process is called soft removal of constraints. If,
on the other hand, Eqs. (13) are not satisfied, then Egs. (6) and (12)
decree changes in the values of the generalized speeds, giving rise
to impulsive forces; therefore, the process is called hard removal of
constraints.

,q; and t. If

Expulsion and/or Capture of Particles
Let P be a pointof S, and 0 be a particle of S coinciding with P
bothat# andatt,. Let ¥»2 and ¥v* denote the velocities of Q and
P in N, respectively. Then, Q may undergo, in conjunctionwith P,
the following events: _ _
Hard removal of constraints: Q and P coincide before ¢, and
move independently after ¢, such that

NpQ(r) = Yo' (1)) (14)
YpQ(1y) = Yo" (1) + VvO/P (1) (15)

Then, three constraints are removed from S, and Q is said to be
ejected form P. Vy9/* (,) is called velocity of separation.

Soft removal of constraints: This is a special case of hard removal
of constraints, whereby “v2/”(t,) = 0. Then, three constraints are
removed from S, and Q is said to be released from P.

Hard imposition of constraints: Q and P move independently
before #; and coincide after ¢, such that

NpQ(r) =Yl (1) + Vv P (1)) (16)
NpQ(1,) = Yo (1) (17)

Then three constraintsare imposed on S, and Q is said to be arrested
by P. ¥v2/P (1)) is called velocity of approach.

Soft imposition of constraints: This is a special case of hard im-
position of constraints, whereby ¥v%/* () = 0. Then, three con-
straints are imposed on S, and Q is said to be attached to P.

Analogous events, involving six constraints, can be defined in
connection with a reference frame and a rigid body.

Suppose the equations governing motions of a simple, nonholo-
nomic system S of p degrees of freedom possessing p (independent)
generalizedspeedsu;, .. ., u,,havebeenformulated withoutregard
to the fact that particles are expelled (captured). Then, in connection
with variable-mass systems, two cases are discussed (Fig. 1).

Fig.1 Particles released from C and ejected from P.
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1) Particles yet to be expelled are arranged as a rigid body C fixed
in a reference frame A belongingto S. Let¢; anda; (i = 1,2, 3) be
two sets of three dextral, mutually perpendicularunit vectors fixed in
C and A, respectively,defined so that¢; (i = 1, 2, 3) are parallel to
central principal axes of C. Let P and P be pointsof S, andlet P be
fixed in A. Finally, letm¢ andr?C - a; (i = 1,2, 3) be, respectively,
the mass of C, and the measure numbers of the position vector from
P to C*, the mass center of C; and let II.C and C;; (i, j = 1,2,3)
be, respectively, the central principal moments inertia of C, and
the direction cosines between @; and ¢; (i, j = 1,2, 3). Then the
assumptions associated with this case are that particles are released
from C and, simultaneously,attached to P and ejected from P with
a relative velocity Yv%/* | O being a typical particle of C ejected
from P; and that the manner in which particles arrive from points
they occupy as parts of C—rest points—to P, from which they are
eventually ejected, is immaterial. That is, the effect of the internal
particle flow is disregarded. (The discussion of ad hoc provisions
taking these effects into account' is beyond the scope of this work.)
Finally,m¢, 7" -a;, IS, and C;; (i, j = 1,2, 3), are assumed to be
known functions of time. _

2) Particles yet to be captured impact point P of S with a relative
velocity¥v?/?, O beingatypical particlecapturedat P. Itis assumed
that these particlesbuild up arigid body C fixed in a reference frame
A of S, and that, as before, m¢, r’" - a;, I€,and C;; (i, j = 1,2,3)
are known functions of time.

Let At be the time step associated with numerical solutions of
the problem at hand. Let 7 be the current time, and define instants #,
and 1, as

H=t+ At —(8§/2), L=t+ At +(§/2) (18)

so that § =1, — 1, is infinitely small. With reference to case 1, let

At (19)

me(ty) = me(ty) — —me

dr

1

p p d p
roal, =’ ayl, +E(rpc ~ai) At

1

i=1,2,3) (0

d
IF() =IE 1) — Elf At i=1,2,3) (21

1

At (i=1,273 (22

1

d
Cij() = Ci;j(t) + Ecij

Define Am as (dm¢/dt)At, and let C’ be a rigid body of mass Am
fixed in C as shown in Fig. 2. Let C’ be released from C between
t; and 1,, and simultaneously, let a particle Q, now assumed to be
of mass Am, be attached to P and ejected from P with relative
velocity Yv¢/”. (One may conceive the ejection of a rigid body
rather than the ejection of a particle. However, such a state of affairs
rarely represents actual systems and is not pursued here.) Then, the
equations governing the motion of S when t < f; and when ¢ > 1,
are

F,+F +(F+F) =0 r=1,....p) (23)

Fig.2 Rigid body C releasing rigid body C'.

and

F+F'=0 r=1,...,p+3) (24)
respectively,where,forr =1, ..., p, F, + F are the contributions
to the sum of the rth generalized active forces and the rth general-
ized inertial force from S (including C), and (F, + F*)’ are similar
contributionsfrom C’; and where the last three of Egs. (24) are asso-
ciated with the motion of Q after being ejected, and are decoupled
from the first p equations. Moreover, note that because P belongs
to S, the velocity of P in N can be expressed!! as

P
vazszfu,—}—NvtP (25)
r=1

where ¥v” and Yv! are functions of ¢, . ..
quantities Cy, as

,q; and t. Define 3p

Co =M dy_, k=p+1p+2,p+3ir=1...,p
o _ (26)
and, supposing Yv2/* is known, define three quantities E; as

£ 20 d k=p+1p+2.p+3) @7
whered; (i = 1, 2, 3) are three dextral, mutually perpendicularunit
vectors fixed in reference frame D, chosen at will. Furthermore,
identify the p x p mass matrix M of the p first of Eqs. (24) [having
m,, in Egs. (7) as the elementin row r, columns (r, s, = 1,..., p)];
a3 x p matrix C having C,, in Eqs. (26) as the elementin row (k—p),
columnr; a3 x 1 matrix E having E; in Eqs. (27) as its (k — p)th
element; and a p x 1 matrix # havingu, (r =1, ..., p) asitsrth
element. Then, the numerical values of the generalized speeds at 1,
are related to those at #; by the matrix equation

u(ty) = u(t)) +[M — AmCTC1"'AmCTE (28)

where superscripts 7 and —1 denote transposition and inversion,
respectively. Equations (23), (24), and (28) govern the motion of
S, and can be used repeatedly to simulate numerically an ongoing
particle release-attachment-ejection process.

The following five-step procedure underlies the indicated simu-
lation:

1) Set initial conditions; set initial values to the quantities ap-
pearing in Egs. (19-22), namely, mc(0), a0, I£(0), and
C,;0) (1, j=1,2,3).

2)Performaone-stepintegrationof Eqs. (23); denotethe resulting
valuesof u as u(t;), and the current values of the quantitiesappearing
in Eqs. (19-22) as mc(t)), P -ail,,, 1€ (1), and Cij(t) (i, j =
1, 2, 3), respectively.

3) Evaluatemc (1), 7" a;l,,, I€ (1), and Cij (1) (i, j = 1,2, 3)
with the aid of Egs. (19-22), and replace m¢(t)), 7’ - a;|,,, IE (1)),
and Cj;(t)) (i, j=1,2,3) in Egs. (23) with m¢(t), r*< - a;l,,,
Il.C(tz), and C;;(t,) (i, j = 1,2,3), respectively, obtaining the p
first of Eqs. (24).

4) Solve Eq. (28) for u(t,).

S5)If me(t,) = 0, stop. Otherwise, rename the first p of Egs. (24)
as Egs. (23), regard u(t,) as initial conditions, and return to step 2.

The validity of the five-step procedure, and specifically of Eqs.
(23), (24), and (28), can be discussed after two points in time ¢’ and
t” are introduced so that

h<t <t <t (29)

Let C’ be released from C between ¢, and ¢’, and transformed into
QO , which then is attached to P betweent’ and ¢”. These two events
qualify as soft removal and soft imposition of constraints, respec-
tively, and they involve no change in the values of the generalized
speeds, so that at #/, when Q is attached to P,

s (1") = uy(ty) =1....p) (30)
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Next, let O be ejected from P between ¢ and t, with relative
velocity Vv¢/* | and note that the associated change in the inertial
properties of S is brought into evidence by step 3. In connection
with the motion of Q aftert,, defineu, (k=p+1,p+2,p+3)
as

w =N my k=p+1,p+2,p+3) €39}

so that

Q up+lnl +up+2n2+up+?n? (32)
Consequently, S—including O—can be regarded as undergoing an
unconstrainedmotion governedby Egs. (24). Moreover, it is implied
by Eq. (32) that only Q contributesto F* (r = p+1, p+2, p+3).
Specifically, F' = —Amu, (r = p+1,p + 2, p + 3). These
expressionsindicate that the first p of Eqs. (24) are decoupled from
the last three equations. The latter, associated with the motion of Q
after 1, are of no interest, and can be disregarded. Steps 5 and 2 thus
are justified. _ _

Finally, consider the ejection of Q from P (1" < t < t,). If
substitutionsare made from Egs. (32) and (25) in Egs. (14) and (15)
with #” playing the role of ¢#,, and the resulting equations are dot
multiplied with n; _ , throughout, one has

]J
u (") =Y Cu, (") + D

r=1

(k=p+1,p+2,p+3) (33)

k=p+1,p+2,p+3)
(34)

P
up(h) = Z Ciru, () + Dy + Ey

r=1

where

AN P AN,P AN.O/P
Ck)_ V, ‘Ri_p, Dk_ Vv, ‘Ri_p, Ek_ V/ R _p

k=p+1,p+2,p+3;r=1,....,p) (35
Here, bars are placed over Cy,, D;, and E; to accentuate their role
as quantities associated with the velocities of the expulsion point
and the ejected particle. Equations (34) are similar to Egs. (12) for
k= p+1,p+2, p+ 3 and can be used to evaluate u,(t,) (s =
1,...,p)andus(t) (s = p+1, p+2, p+3) in conjunction with
the equation

p p+3 B
Z (mrs + Z Ckrmk,s) [us(tZ) — Ug (t”)]

5= k=p+1

p+3 p+3 B
+ > (m > Ck,<mks>[us<tz)—m(t")]=0

s=p+1 k=p+1
.p) (36)

obtained from Egs. (6) forn = p + 3 with ¢” playing the role of #,.
Note that m,, (r,s = 1, ..., p) include contributions from C (but
not from C’). By reference to Egs. (7) and (32), one has

r=1,...

m.; =0 r=1,....,p;s=p+1,p+2,p+3) 37
My = —Amdy, (k=p+1,p+2,p+3;s=1,...,p+3)
(38)
so that, in view of Egs. (30), Egs. (36) can be simplified, i.e.,
p+3
me[u (0) = u ()] = Am Y Cypluy (1) — u,(1)] = 0
s=1 s=p+1

r=1,...,p) 39

and Egs. (33) can be replaced with

p
up(ty) = Z Crru, (1) + Dy

r=1

(k=p+1,p+2,p+3) (40)

Using the definitions of matrices C,E [withd; =n; (i = 1,2,3)],
M, and u preceding Eq. (28), one can replace Egs. (40), (34), and
(39) with the matrix equations

i(ty) = Cu(t))+ D (41)
i) =Cu(t,) + D+ E (42)
Mu(t) — u(t)] — AmC'[i(t,) —u(t)] =0  (43)

with D and & as 3 x 1 matrices having D_k andu, (k=p+1,p+
2, p+3) astheirelementsinrowk — p(k=p+1,p+2, p+3).
Equation (28) appearing in step 4 is obtained when i (#,) and i(t,)
are eliminated from Eq. (43) with the aid of Egs. (41) and (42).

Last, note that Eqs. (26) and (27) are similar to the first and the
third of Eqgs. (35), respectively, with d; replacingn; (i = 1,2, 3).
Such a replacement is in order because the entries of CTC
and of CTE in Eq. (28) are all scalar products of the vectors

NyPoo NvP Ny0/P and hence are independent of the reference
frame in Wthh these vectors are expressed. Step 4, and hence the
entire procedure, thus is established.

Suppose that particles yet to be expelled are arranged as v
rigid bodies Cy, ..., C; of masses my, ..., m; fixed in reference
frames A,, ..., Ay of S; that rigid bodies C|, ..., C; of masses
Amy, ..., Am; are released from C,, ..., C; in a manner simi-
lar to C’ being released from C; that v particles Qy, ..., Q; of
masses Amy, ..., Am; are simultaneously attached to v points
Py, ..., P; and e]ected from Py, ..., P; of S with relative veloc-
ities vQ‘/Pl L NyQilPy respectlvely,and that C,, and E(q) are
matrlcesdeﬁnedbyreferenceto NyQs andVyQa/Pa (g = 1,...,v)as
are C and E defined by referenceto N0 and¥v2/P Then, Eq (43)1s
replaced with

Mlu(ty) = u(t)] = Y AmyCl [t (02) = figgy ()] = 0

g=1

an equation leading to

-1
Z Aqu_‘Z{;)E({D
qg=1
(44)

Then the five-step procedure can be used to simulate motions of
S if Eq. (44) replaces Eq. (28), and if equations similar to Egs.
(19-22) are written for each of C,,..., C;, and used as when
v =1 Equations (23) and (24) apply, provided that F, 4+ F* and
(F, + F*)(r = 1,..., p) include contributions from Cy, ..., C;
and from C[, ..., C;, respectively.

Concermng case 2 suppose that Q is captured between f; and
t,; introduce ¢’ and ¢” as in Eq. (29) and regard the capture of 0
as comprising three events: the arrest of Q at P between t; and ¢,
the release of Q from P between ¢’ and ¢”, and the redlstrlbutlon
of the mass of Q as a rigid body C’, attached to C between t”
and 1,. Assuming that Yv2(1;) is known, and that ¥v2(r < ;) can
be expressed as in Eq. (32), one may conclude that u,(¢,) (k =
p+1,p+2, p+3) are known. Furthermore, the arrest of Q at
P qualifies as hard imposition of constraints; hence, Npl(ty =
NyP ("), as indicated by Eq. (17), with ¢’ playing the role of ,. Also,
NyP can be expressed as in Eq. (25); therefore,

u(ty) =u(t) + |:M -

Z Aqu_’(Tq)C_'(q):|

g=1

P
u (1) =y Cott, (1) + D

r=1

(k=p+1,p+2,p+3) (45

where Cy, and Dy (k=p+1,p+2,p+3;r=1,..., p) are de-
fined as in Egs. (35), and Eq. (43) is valid with ¢’ replacing t,. In fact,
such a replacement need not actually be carried out: The release of
O from P (' <t < t”) and the attachmentof C' to C (" <t < 1,)
qualify as soft removal and soft imposition of constraints, respec-
tively, involving no changes in u, . .., u,. Consequently, Eq. (43)
remains intact, and ¢" in Egs. (45) is replaced with #,. Written in a
matrix form, Eqs. (45) read

ii(ty) = Cu(t,) + D (46)
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where C_’, D_, u, and i are defined as in connection with Egs. (41-
43). Consequently, i(t;) can be eliminated from Eq. (43), which
now can be solved for u(t,), yielding

u(ty) = [M — AmCTC1™ ' [Mu(t;) — AmCTi(t;) + AmC” D]
(47)

Thus, an ongoing process of the capture of particles represented by
Q can be simulated with the aid of the five-step procedure, with
Eqgs. (23) and the first p of Egs. (24) exchanging roles in steps 2,
3, and 5 [then, the negative signs in Eqs. (19) and (21) are replaced
with positive signs]and Eq. (47) replacing Eq. (28) in step 4. Finally,
the five-step procedure apphes to S if v particles are arrested simul-
taneously at v points Py, ..., P; of S, building up v rigid bodies
Cy,...,Cy; if Eq. (47) gives way to

_ -1
u(t) =M — ZAqu(Tq)C(rn
g=1
x {Mu(tl) - ZAqu(Tq)[

g=1

U (t) — D(q)]} (48)

where C(q), D(q), u, i, and Amg, are defined in connection with
Qq asareC, D, u, ii,and Am in connectionwith O whenv = 1;and
if Egs. (23) and (24) are interpreted accordingly.

At times, C can be regarded as a particle located at P. Then,
the governing equations of motions can be obtained from those
associated with cases 1 and 2, respectively, if II.C =00=1,23)
and r’¢" = 0 and if Egs. (20-22) are disregarded.

Rigid Body Ejecting Two Particles
Let C be a rigid body of mass m and central moment of inertia /
forn;, undergoingan unconstrainedmotion in a plane perpendicular
tons, a unit vector fixed in N; and define u; (i = 1, 2, 3) such that
NyC® | the velocity in N of C*, the mass center of C, and Y€, the
angular velocity of C in N, are given by

N C* N C
vC =un; + umn,, ¢ = usn; (49)

Hence, p = 3. The equationsof motion of C in N and the associated
mass matrix are

—mu; =0, —mii, =0, —li; =0 (50)
-m 0 0
M={0 -m 0 (51)
0 0 -1
Let P and P, be two points of C whose position vectors relative to
C* are givenby p™' = —ac, + bc, andp™ = —ac, — be,, where a

and b are constants,and ¢; (i = 1, 2, 3) are three dextral, mutually
perpendicularunit vectors fixed in C such thatc; = n;. Let C eject
two particles Q; and Q, of masses m; and m, from P; and P,,
respectively, with relative velocities given by
Ny@u/Pt = _y (cosaje; + sinaycy)
(52)

Ny@2/Pr — ) (cosaye; + sinaycy)

where vy, v,, o], and o, are constants. It is required that the associ-
ated changesin uy, u,, and u3 be evaluated.
The velocities of P; andP, in N are given by
NpPr = iy + usny 4 usns X (—ace, + bey)
(53)

N, P;
v?? =uny 4+ uny, + usns X (—ac; — bey)

In accordance with Egs. (22) and (23) written for r = 3 and k = 3,
one has

cosqs singy; —b —v; COS
C_’(l) = |—sing; cosqgz —al, E(l) = | v;sinq;
0 0 0 0
(54)
cosqs sing; b —v; COS
C_’(z) = |—sing; cosgz —al, E(z) = | vysina,
0 0 0 0
Equation (44), written for g = 1, 2, reads
() ux(t)  ws()” = luy(t) wua(t)  us(r)|”
~r = —1
+ [M — mIC(Tl)C(l) mzc(z)C(z)]
X [mIC(Tl)E(I) + mzéé)E(z)] (55)

where Am; = m; (i = 1,2). Substituting from Eqs. (51) and (54),
and using the definitions

JET + (m; + my)(a® + b?), m,=m+m, +m,

x = (my +my)pcosqs + (my —my)rsings
y=—(my +my)asing; + (m; — my)b cos s
z=mvi(bcosa; —asina;) — movy(bcosa, — asina,)
v =mv; cos(er; — q3) + Mmyv; cos(ay — q3)
w = myv sin(e; — ¢3) + mayv; sin(a, — gs)
sE=Jdm, — x? —y?
one can expressu, () (r =1, 2,3) as

(1) = wy (1) + [v(s +y%) — wxyl/m;s — yz/s
Uy () = uy(ty) — [w(s + x%) — vxy]/m,s — xz/s  (56)

uz(t) = uz(t) — (m,z + wx —vy)/s
Next, suppose that 0, and 0, move independently of C prior to
time 1, and that at #; the velocities of Q; and Q, are given by

Nyor — —vi(cosaic; + sinacy)

(57)

NyQ2 — _y,(cosayc, + sinasc,)
Furthermore, suppose that when ¢ = 7, Ql and Qz impact Pl and
P, of C, respectively, and subsequently are arrested at P, and P,.
As before, it is required that the associated changes in u,, u,, and
u3 be evaluated.
Now, in accordance with Egs. (57),

gy =|—vicosa; v;sine ol”
(58)
i =|—vacosan vysino, ol”
Moreover, D;) = D, = 0 [see Egs. (53)], and C(;), C,), and

M remain as in Egs. (51) and (54). Consequently, substitutions in
Eq. (48) lead to

wy () = {Imuy (1) = (s + y?) + [muy (1) + wlxy} /m,s
+ y[Luy (1) + z1/s
uy (1) = {[muy(ty) + wi(s + x?) + [muy (1) — vixy} [m,s
+x[Tus(ty) + z1/s e
us(ty) = {m, [Tus(t) + 2]+ [muy (1) + wx
+ [muy (1) — vly} /s

where the definitions of x, y, z, v, w, and s remain as before.
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Equations (56) and (59) can be obtained by a direct application
of momentum principles. However, these principles furnishonly six
equations, which are not sufficient to deal with systems possessing
more than six degrees of freedom. Such is the variable-massflexible
rocket discussed in the next example.

Continuous and Discrete Particle-Ejecting Systems

The model of the rocketsystem S, a representativeof continuous-
particle-ejecting systems, is shown in Fig. 3. The system consists
of a cylindrical, rigid body C of length L, fixed in A, a reference
frame belonging to S, so that the axis of symmetry of C coincides
with /, a line fixed in A; and of a cylindrical, uniform, deformable
body B of length Ly, whose axis of symmetry coincides with [
when undeformed. Let @; (i = 1,2, 3) be three dextral, mutually
perpendicular unit vectors fixed in A such that a; is aligned with [
and @, and a; are parallel to a plane p common to B and C. Let
C, representing a solid-state motor, release particles that are simul-
taneously attached to P and ejected from P , the expulsion point.
Point P is fixed in A, and is located relative to P, the intersection
point of line / and plane p (see Fig. 3), such that

PP = —Lca, + Ra; (60)

where R is a constant called radial thrust (or j_et) misalignment. Let
Q be a typical particle being ejected from P, and let the relative
velocity of Q with respectto P be

ApQ/P _ NyOIP — cosaa, + vsinaa, 61)
where v, called the ejection speed, and «, called the angular thrust
(or jet) misalignment, are known constants. It is required that the
motion of S in N be simulated in an ongoing process in which
particles are expelled from A at a rate of m.

One may start with the introduction of six generalized speeds,

i=1273) (62)

~N_ A
U= w -a;

Uz =NyP. a; =123 (63)

where Yw* and Vv? are, respectively, the angular velocity of A in
N, and the velocity of point P of A in N. Let p; (i = 1,2, 3) be
constants defined such that

' = pi1a; + p.a; + pia; (64)

where r¢" is the position vector form P to C*, the mass center of
C. Moreover, based on Egs. (60-64), write

Na)A(z NQ)C) = ua, + u,a, + usas (65)
N, P

v = wa, + usa, + ugas (66)

N, C*
Ve = uga; + usa; + ugaz + (Uyp3 — uzpr)a

+ (uzpy —uips3)as + (U py — usprlas (67)

Fig.3 Rigid-body model, with C representing a solid-state motor.

Fig.4 Deformed configuration of neutral axis of B.

M = uya) + usay + ugas + uyRay — (usLe + uy R)ay + uy Leas
(68)

With these in hand, one can form (F, + F,*)C =0(r=1,...,6),
contributions of C to the sums of generalized active forces and of
generalized inertial forces, disregarding momentarily the ejection
of particles from C. One then uses m, IIC and Cj; (i, j = 1,2, 3),
quantities appearing in Egs. (19), (21), and (22).

Next, suppose B is capable of bending in A as shown in Fig. 4.
Let dB be an element of length dx of the beam; let d B* be the mass
center of dB, and let dB* be located along the neutral axis of the
beam at a distance x from P when the beam is undeformed. Let y,
and y; be the elastic deflection of dB*, and let b; (i = 1,2, 3) be
three dextral, mutually perpendicular unit vectors fixed in dB. To
describe the orientation of dB in A, let b; (i = 1, 2, 3) be initially
aligned with a; (i = 1, 2, 3), respectively; rotate dB an amount
¥, aboutas, and then an amount —y; about b,, where () indicates
differentiationwith respectto x. Consequently, the directioncosines
betweena; and b; (i = 1, 2, 3) are

b, b, by
@, cosy,cosy; —siny, —cosy,siny;

(69)

a, siny,cosy, cosy, —siny,siny;

a; sin y; 0 cos y;

One now can express the position of dB* relative to P and the
angular velocity of dB in A as follows:

PPdB* =xa, + y:a; + yiaz (70)

Aol = —y] sin(=y)by — yibs + ¥y cos(—=ybs  (71)

where (') indicatesdifferentiation with respectto time. Moreover, in
view of Egs. (65) and (66), the velocity of dB* in N and the angular
velocity of dB in N are given by

Ndp® dB*

NydB* _ NPy
dr

= u4a; + usa,

+ugaz + yia, + yzaz + (U3 — uzysr)a,
+ (usx —ury3)ay + (u1y, — uxx)as (72)
NpdB — NA 4 A dB

w = u1a; + ura; + uza;

+ ¥ sin(yy)bi — y3ba + ¥; cos(y5)bs (73)

Now, in accordance with the assumed mode method, y, and y; can
be expressed as

6+v 64 2v
Y2 = Z¢i—6qi7 Y3 = Z i —6-v4i (74)
i=7 i=7+v
where ¢y, . .., ¢, are modal functions, g7, .. ., ¢+ 2, are modal co-

ordinates, and v is the number of modes used to describe elastic
deformationsof B; and where the same modal functions are used in
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the description of both y, and y; because of the rotational symme-
try of B. Defining, in additionto uy, ..., us, 2v generalized speeds
as

u6+r£q()+r (r=1»---»2U) (75)

one can write expressions for 6 + 2v generalized inertial forces for
dB. Furthermore, these expressionscomprise functionsof x thatcan
be integrated over x (from 0 to L), and added to 6+ 2v expressions
for the generalized active forces for B. The latter are given by

F,=0
F,=—EJLpq ! _,
F, = —EJLyg\}

r—6—v

r=1,...,6)
r=17,...,6+v) (76)
r=74+v,...,6+2v)

where E J is the flexiblerigidityof B and A, ..., A, are eigenvalues
associated with ¢y, .. ., ¢, respectively. The contributions from B
to the sums of generalized active forces and generalized inertial
forces (F, + F:‘)B =0 =1,...,64 2v) now can be formed
and added to the respective contributions from C if note is taken
that (F, + F)¢ =0 ( =17,...,6 + 2v). Setting (F, + F*)¢ +
(F, + F,*)B =0 =1,...,6+42v),oneobtainsa set of equations
of motion for the entire system. These are not reported here in full
because of space limitations.

Finally, one has, in view of Egs. (25), (26), and (27), (61) and
(68),

0 R 0 1000O0O0TO0TO0O0
C=|-R 0 —L, 01 00 0O0O0O0OO
0 Le 0 001000000 U7
E=|-vcosa vsina O

One is now in a position to use Egs. (23), (24), and (28) in conjunc-
tion with the five-step procedurein simulating motions of S in which
particles are expelled from S, that is, released from C and, simul-
taneously, attached at P and ejected from P. Letting my =0.008,
m¢e =0.0002 — 0.0002t kg - mm™" - >, B =30, 1F = 1% = 2700,
I =0.6—0.6t, If =If =4 —4tkg - mm-s?, Ly =2000, L; =
500, R=0.4mm, «=0.01rad, v=1.8 x 10° mm/s, p; =—250
+5sinnt, p,=p3;=3sin2xtmm, C;; = cosg, C, = —sing,
Ci;3=0, C;; = singcoswt, Cyy = cosg coswt, C3 = —sinwt,
C3; = singsinwt, C3, = cos ¢ sinwt, C33 = coswt, and ¢ =2 deg,
EJ=2.1 x 10°kg- mm?, and v = 3; and using modal functions as-
sociated with planar motions of B (regarded as a Bernoulli-Euler
beam) in A when A is fixedin N, one obtains Fig. 5, showing u , u,,
and u3 as functions of time, and Fig. 6, showing y,(L) and y;(L)
as functions of time.

Next, the force replacement approach is applied to the problem
at hand. Accordingly, it is assumed that a force F¥ given by

F¥ = —m Nver? (78)
and exerted on P has the same effect on the motion of the system
as does the particle expulsion. Suppose that this force is regarded as
an active force applied at P, and that the equations of motion of the
system in question are modified to include contributions from F”.
Note that the five-step procedure, with the exception of step 4, takes
care of the changes in the inertial properties of S following parti-
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cle expulsion, and suppose that this procedure, with the exception
of step 4, is applied to the modified equations. Then, results indis-
tinguishable from those in Figs. 5 and 6 are obtained, provided the
time step is taken to be 0.0001 s (or smaller). One may concludethat
results obtained with the force replacement approach are identical
to results obtained with the aid of the new algorithm, provided the
integration time step is chosen appropriately.

A representative of discrete particle-ejecting systems may be an
automatic gun firing projectiles weighing wp kg at a rate of r
rounds/min, with muzzle velocity v m/s. When the five-step pro-
cedure is used to simulate motions of the gun, step 4, and hence,
Eq. (28), is invoked r times/min, giving rise to an instantaneous
changeinu,, ..., u, every 1/r min;andnp At is takentobe wp /g,
where g is the gravitational constant. With reference to the force re-
placementapproach, the magnitude of the replacing force cannot be
taken to be mpv = r(wp/g)v, as with continuous particle-ejecting
systems. For, n1p represents particle flow only if the flow is contin-
uous in the sense that at each integrationstep At a particle of mass
mp At is ejected, irrespective of the value of At. Thus, to proceed
with the force replacementapproach, one needs additional informa-
tion concerningthe time history of the force exerted on the gun with
every round being fired.

Past experience can give one a fairly good idea of what this force
would be, as can direct measurements. However, muzzle velocities
are quantities routinely measured with great precision, and usu-
ally referred to when automatic weapons are discussed (see, e.g.,
Ref. 12). With these in hand, the new algorithm provides a compre-
hensive means for the simulation of motions of simple, nonholo-
nomic systems expelling and/or capturing particles.

Conclusions

The five-step procedure represents an algorithm underlying pro-
grams capable of simulating motions of variable-masssystems. The
associated equations cannot be used for analytical investigations.
However, they are unique in more than one respect: They apply to
simple, nonholonomic systems; they allow particles being expelled
(captured) to be arranged—before (after) the expulsion (capture)—
as anumber of rigid bodies, each possessingtime-dependentinertial
properties; they allow complete separation between the release (at-
tachment) part of the process and the ejection (arrest) part; and they
involve two updates of the integration variables at each integra-
tion step: one associated with the numerical integrationand another
bringing into evidence the effect of the expulsion and/or capture
of particles. Finally, the five-step procedure allows the simulation
of motions of continuous and discrete variable-mass systems alike.
However, if the forces exerted on the system during the expulsion
(capture) are known, then the force-replacement approach is ad-
vantageous in that it introduces replacing forces that are treated
similarly to other contact forces, and it can take into account the
internal particle-flow effects disregarded by other methods.
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